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Monotone Residual Distribution Schemes for the Ideal
Magnetohydrodynamic Equations on Unstructured Grids
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Multidimensional upwind residual distribution schemes are applied to the eight-wave equations of ideal mag-
netohydrodynamics. These schemes extend the high-resolution upwind � nite volume methodology to a truly
multidimensional� nite element contextonunstructured grids.Both � rst- andsecond-order linearandsecond-order
nonlinear monotonicity preserving schemes are discussed. An approximateconservative linearization technique is
derived for general hyperbolicsystems together with a conservativecorrection technique, which guarantees the full
conservation of the convective � uxes. The solenoidal condition of the magnetic � eld is enforced by Powell’s source
term approach. Both implicit and explicit time-integration strategies have been implemented. The spatial accuracy
and the shock-capturing properties of the schemes in the steady state are investigated numerically. Computational
results are presented for a bow shock over a cylinder and for a supermagnetosonic � ow in a channel.

Introduction

T HE magnetohydrodynamics (MHD) equationsdescribe the be-
havior of conducting � uids under the presence of magnetic

� elds. They couple the equations of � uid dynamics with Maxwell’s
equations of electrodynamics.Many important and interestingphe-
nomena both in laboratory1 and in astrophysical2;3 plasmas (ionized
gases) can be successfully described by this macroscopic MHD
model.

The full MHD equations are a complicated set of nonlinear par-
tial differential equations, taking into account the combined ef-
fects of multispecies transport, relativistic processes, and dissipa-
tive phenomena such as heat conduction, viscosity, and resistivity.
These will be neglected in the present paper because our interest
exclusively goes to basic discontinuity capturing algorithms for
Newtonian MHD simulations. The resulting simpli� ed model is
described by the single � uid compressible ideal MHD equations.

The idea of the residualdistribution(� uctuationsplitting) method
as amultidimensionalupwindspatialdiscretizationtechniquefor the
Euler equations of gasdynamics is originated by Roe4 and was fur-
ther developed by the authors of Refs. 5–9. The multidimensional
upwind schemes for scalar advection were extended to noncom-
muting hyperbolic systems by van der Weide et al.10;11 by intro-
ducing positive coef� cient matrix distribution schemes. Schemes
constructed in this framework are designed to produce monotone
solutions across steep gradients by generalizing total-variation-
diminishing principles and Godunov schemes to unstructuredgrids
composed of linear � nite elements. The notion of positivity as a
monotonicityconcepthasbeenusedalso in a pure� nite volumecon-
text, where it is also known as local-extremum-diminishing (LED)
property.12
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In this paper we develop upwind multidimensional numerical
schemes for the ideal MHD equations based on these latest de-
velopments for hydrodynamics. The � uctuation splitting method
requires regular Jacobian matrices per cell. Because the original
form of the MHD equations leads to singular Jacobian matrices,
we solve the regularized eight-wave Galilean invariant ideal MHD
equations13 as proposed by Powell et al.14;15 In this approach the
singularity is removed by adding a source term proportional to
r ¢ B to the conservative form, hence introducing the so-called di-
vergence wave. Consequently,the resulting equations are no longer
in strict conservationform, which can occasionallylead to inconsis-
tent jumps accross very strong shocks, as has been demonstrated in
recent literature.16 Nevertheless, for a certain range of applications
good results have been demonstrated.15;17 The weak enforcement
of the so-called divergence-free condition also stabilizes the nu-
merical scheme against the instabilities related to the numerically
nonvanishingdivergenceof the magnetic � eld.

In the � nite volume context the solenoidal condition is often
treated in a fully conservative way by a staggered grid approach.
However, this method strongly relies on the geometry of the mesh
and cannot be applied in a � nite element context on unstructured
grids.16

The structureof this paper is as follows. In the second section we
give a brief introduction into the MHD equations. In the third sec-
tion we summarize the basic principles of the � uctuation splitting
method for systems of conservation laws, in particular for the ideal
MHD equations.The time-integrationstrategiesare described in the
fourth section. In the � fth sectionwe presentanupwindmultidimen-
sional MHD code. In the sixth section we demonstrate its advanced
properties throughnumerical test results.Some concludingremarks
are given in the last section.

Governing Equations of Ideal MHD
The unsteadyhyperbolicsystemof idealsingle-� uid nonrelativis-

tic MHD equations in conservative form is given by

@U

@t
C r ¢ F D 0 (1)

where the state vector U in conservative variables and the conser-
vative � ux vector F containing the isotropic pressure tensor are

U D .½; ½u; ½v; ½w; Bx ; By; Bz; E/T (2)
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F D

½v

½vv C OI .p C B ¢ B=2/ ¡ BB

vB ¡ Bv

.E C p C B ¢ B=2/v ¡ B.v ¢ B/

(3)

Here superscript T stands for the transposed vector; OI represents
the 3 £ 3 identity matrix; ½ is the density; u, v, and w are the x , y,
and z componentsof the velocity v; B is the magnetic � eld; p is the
thermal pressure; and E is the total energy density de� ned by

E D p=.° ¡ 1/ C 1
2 ½v ¢ v C 1

2 B ¢ B (4)

where ° is the ratio of speci� c heats. In this paper we use units such
that the magnetic permeability ¹0 is unity; therefore, it does not
show up in the equations.As a consequence, the physical magnetic
pressure (based on the unscaled magnetic vector B̂)2;18 in SI units
de� ned by pB D B̂ ¢ B̂=2¹0 takes the form: pB D B ¢ B=2. Equation
(1) describes the conservation of mass, momentum, magnetic � ux,
and energy and is to be supplemented by the divergence-free con-
dition of the magnetic � eld:

r ¢ B D 0 (5)

The latter constraint expresses the observational fact that mag-
netic monopoles do not exist. In an analytical treatment Eq. (5) is
merely an initial constraint because the evolution equation of the
magnetic � eld guaranties its validity at all times when it is initially
satis� ed. However, in a numerical approach, because of the dis-
cretization and the round-off errors, the divergenceof the magnetic
� eld may deviate from zero, which has a destabilizing effect on a
numericalalgorithm.A popularway to stabilizethe MHD equations
against this numerical instability is to add a source term14 (denoted
as Powell’s source term in the following) to the right-hand side of
Eq. (1), leading to the unique nonconservative Galilean invariant
symmetrizable form of the ideal MHD equations13:

@U

@t
C r ¢ F D S (6)

Here S is de� ned by

S D ¡sr ¢ B (7)

with s D [0; Bx ; By; Bz; u; v; w; v ¢ B]T . Equation (6) is equivalent
to the conservation law (1) at the partial differential equation level,
but the discretization of the modi� ed system has much better nu-
merical stability properties.

Consider now the quasilinear form of Eq. (6) in terms of the
conservativevariables, in two space dimensions:

@U

@t
C A

0
U

@U

@x
C B

0
U

@U

@y
D S (8)

Here A
0
U D @ Fx =@U and B

0
U D @ Fy=@U are the Jacobianmatrices.

Because the source term S is proportional to r ¢ B, we can refor-
mulate Eq. (8) by introducing matrix notations for the description
of S:

@U

@t
C A

0

U

@U

@x
C B

0

U

@U

@y
D ¡ Sx

@U

@x
C Sy

@U

@y
(9)

where the � fth and sixth column of the source matrices Sx and Sy

equal vector s, while all other elements vanish. This formulation
allows us to rewrite Eq. (8) as

@U

@t
C AU

@U

@x
C BU

@U

@y
D 0 (10)

where AU D A
0

U C Sx and BU D B
0

U C Sy .

Consider the set of primitive variables P D [½; u; v; w; Bx ; By;
Bz; p]T connected to the conservative variables U by the similar-
ity transformation @ P D .@ P=@U /@U . The regularized hyperbolic
system (10) then transforms into

@ P

@t
C AP

@ P

@ x
C BP

@ P

@y
D 0 (11)

where AP D .@ P=@U /AU .@U=@ P/ and BP D .@ P=@U /BU .@U=
@ P/ are the Jacobianmatrices of the regularizedsystem in primitive
variables. For example, matrix AP reads

AP D

u ½ 0 0 0 0 0 0

0 u 0 0 0 By=½ Bz=½ 1=½

0 0 u 0 0 ¡Bx=½ 0 0

0 0 0 u 0 0 ¡Bx=½ 0

0 0 0 0 u 0 0 0

0 By ¡Bx 0 0 u 0 0

0 Bz 0 ¡Bx 0 0 u 0

0 ° p 0 0 0 0 0 u

whereas for the original system (1) this matrix is singular and its
� fth row contains only zeros.

Fluctuation Splitting Spatial Discretization
We solve the eight-wave MHD equations (6) with the Powell

source term on an arbitrary triangulation of the spatial domain Ä,
basedon the residualdistributionmethod.The area of an elementary
triangle is labeled by ST , and its geometry is given in Fig. 1. Just as
in linear � nite element methods, the solution is approximated by a
continuous function, varying linearly over each triangle:

U .x; y; t/ D
i

Ui .t/Ni .x; y/ (12)

where Ui .t/ is the time-dependent value U .xi ; yi ; t/ at node i and
the piecewise linear shape function Ni .x; y/ equal to unity at node i
and vanishingoutside the support of all triangles meeting at node i .

Assume that Eq. (10) has been linearizedover a triangularcell T ,
such that it is equivalent to Eq. (6) at the discrete level (see section
on Conservative Linearization). Integration of Eq. (10) then leads
to the de� nition of the � uctuation 8T in triangle T :

8T D ¡
T

@U

@t
dÄ D

T

AU
@U

@x
C BU

@U

@y
dÄ (13)

where AU and BU are constant matrices for each triangle. By using
Gauss’s theorem, the � uctuation8T can also be written as a contour
integral along the boundary 0 of triangle T :

8T D .AU i C BU j/

T

rU dÄ D
0

.AU nx;out C BU n y;out/U d0

(14)

where i and j are the unit vectors in the x and y directions, re-
spectively, and nx ;out and n y;out are the x and y components of the

Fig. 1 General triangle with inward scaled normals n1; n2 , and n3.
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outward showing unit normals. Because the variationof the conser-
vative state vector U is piecewise linear, rU is constant in triangle
T , and it can be expressed in terms of the inward pointing face
normals ni D nx;i i C ny;i j, scaled with the length of the edge (see
Fig. 1), and the solution vector Ui at node i :

rU D 1

2ST

3

i D 1

Ui ni (15)

Combining Eqs. (14) and (15), the cell residual 8T is written as

8T D
3

i D 1

K i Ui (16)

where matrix K i is de� ned by the following linear combination of
the Jacobians:

K i D 1
2 .AU nx;i C BU n y;i / (17)

Although the system of ideal MHD equations is hyperbolic, it
is not strictly hyperbolic in the sense that some of the eigenvalues
may be equal for certain values of U , which are called umbilic
points in the phase space. However, K i has real eigenvalues and
a complete set of left and right real eigenvectors. Unfortunately,
these classicaleigenvectorsare degenerateat the umbilic points.The
degeneracies can be removed by applying a proper scaling.14;19¡21

Diagonalizationof matrix K i yields

Ki D 1
2
Ri 3i L i (18)

where the columns of Ri are the scaled right eigenvectors, the rows
of L i are the scaled left eigenvectors, and 3i is the diagonal ma-
trix of the eigenvalues proportional to jni j. Omitting index i for
convenience, the eigenvalues of matrix K are

31 D .v ¢ n ¡ c f jnj/=2; 32 D .v ¢ n ¡ cA jnj/=2

33 D .v ¢ n ¡ cs jnj/=2; 34 D v ¢ n=2

35 D v ¢ n=2; 36 D .v ¢ n C cs jnj/=2

37 D .v ¢ n C cA jnj/=2; 38 D .v ¢ n C c f jnj/=2

The fast and slow magnetosonic speeds c f and cs and the Alfvén
speed cA are given by the following expressions:

c2
f;s D 1

2
a2 § a4 ¡ 4° p.B ¢ n/2

.½jnj/2
(19)

cA D B ¢ np
½ jnj

(20)

with

a2 D .° p C B ¢ B/=½ (21)

Matrices K C
i and K ¡

i are the so-called generalized upwind param-
eters, de� ned by

K C
i D 1

2
Ri 3

C
i L i (22)

K ¡
i D 1

2
Ri 3

¡
i L i (23)

where 3C
i and 3¡

i contain the positive and negative eigenvalues,
respectively:3§

i D .3i § j3i j/=2.
In the � uctuation splitting approach the cell residual 8T is com-

puted, and its fractionsare distributedto the nodesof triangleT . The
contributions from all cells to a given node are assembled, giving
the nodal update. This treatment leads to a very compact stencil in-
volvingonly the nearestneighborsin the triangulation,which is use-
ful for ef� cient parallelization and implicit time-integration strate-
gies. The semidiscretizedform of Eq. (10) at point i , with the most
simple treatment of the time derivative (corresponding to lumping
the Galerkin mass matrix in � nite elements), is given by

dUi

dt
D ¡

1
Si T ; i 2 T

¯T
i 8T D ¡

1
Si T ; i 2 T

8T
i (24)

Here Si is the area of the mediandual cell aroundnode i equal to 1
3 of

the area of all triangles sharing node i , ¯T
i is the distributionmatrix

to node i in triangle T , and the distributionfunction 8T
i D ¯T

i 8T is
the fraction of the residual in triangle T sent to node i . To keep the
consistency of the scheme, it is required that

3

i D 1

¯T
i D OI (25)

where the index i goes over the local number of nodes in triangle T .
The propertiesof the different schemes in the � uctuationsplitting

context are determined by the way ¯T
i is de� ned. A monotonic

solution satisfying the LED propertycan be obtainedby demanding
positivityof the coef� cientsof the unknownsin the updateequation.
The solution of a positive scheme is free of spurious oscillations
close to discontinuities. A scheme is called linearity preserving if
it reproduces the exact solution of the problem in the steady state,
when this solution is a linear function of the spatial variables. In
smooth � ows linearity-preservingschemes in practice will lead to
second-orderaccuracy at the steady state, although in a strict sense
only order of 1:5 is obtained on arbritrary meshes according to a
Petrov–Galerkin � nite element analysis.22 Godunov’s theorem for
multidimensionalschemesstates thatonly nonlinearschemescanbe
positive and linearity preserving at the same time. A more detailed
description of these properties is given by van der Weide10;11 and
Deconinck et al.23 In the following paragraphswe present two � rst-
order linear monotone, a second-order linear nonmonotone, and a
second-ordernonlinear monotone scheme.

First-Order Linear System N Scheme
The linear system N scheme (narrow) is positive (T. J. Barth,

“Some WorkingNotesonEnergyAnalysisof theN Scheme,” private
communication, 1996); therefore, it is monotonicity preserving at
extremas and at most � rst-order accurate according to Godunov’s
theorem. The distribution function ¯ T

i 8T is given by

¯T
i 8T D K C

i

3

j D 1

K ¡
j

¡1
3

j D 1

K ¡
j .Ui ¡ U j / (26)

The residual8N
i sent to node i in triangleT by theN schemereduces

to

8N
i D ¯ T

i 8T D K C
i .Ui ¡ Uin/ (27)

where the state Uin is de� ned by

Uin D
3

j D 1

K ¡
j

¡1
3

k D 1

K ¡
k Uk (28)

It is shown by Abgrall24 that for a linearized symmetrizable sys-
tem the N and low diffusion A (LDA) schemes are always well
de� ned, even in the case when

3

j D 1

K ¡
j

has a vanishing eigenvalue (e.g., stagnant � ow).

First-Order Linear Finite Volume Scheme
The standard � rst-order upwind � nite volume (FV) scheme,

which is positive and therefore LED, can be reformulated on the
median dual mesh in terms of the � uctuation splitting method. The
� uctuation 8T in triangle T can be computed as

8T D K12.U2 ¡ U1/ C K23.U3 ¡ U2/ C K31.U1 ¡ U3/ (29)

where thematrices K i j arenow de� nedwith combinationsof theme-
dian dual cell normals ni j D .n j ¡ ni /=6 by the following equation:

K i j D AU nx ;i j C BU n y;i j (30)
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The de� nition of the distributionfunction8FV correspondingto the
positive � rst-order FV scheme is then

8FV
i D K ¡

i j .U j ¡ Ui / C K C
ki .Ui ¡ Uk / (31)

Second-Order Linear System LDA Scheme
The linear systemLDA schemesatis� es the linearitypreservation

property,and hence it is not positive.The distributionmatrix is given
by

¯ T
i D K C

i

3

j D 1

K C
j

¡1

(32)

The distribution function 8LDA for the LDA scheme is

8LDA
i D ¯ T

i 8T D K C
i

3

j D 1

K C
j

¡1

8T (33)

Second-Order Nonlinear Blended Scheme
By applying a nonlinear blending on the distributioncoef� cients

of two linear schemes just described, it is possible to construct a
nonlinear scheme that presents a monotone shock-capturing prop-
erty and second-order accuracy away of shocks in practical simu-
lations. The positive N scheme captures the discontinuities with-
out spurious spatial oscillations, but its accuracy is only � rst order.
The linearity-preserving LDA scheme is second-order accurate in
smooth domains, but it is not suitable for � ows containing discon-
tinuities. To combine the advantages of both of these schemes, we
de� ne the residual distributed to node i in a triangle as

8B
i D . OI ¡ 2/8LDA

i C 28N
i (34)

where the nonlinear blending coef� cient 2 is a diagonal matrix
de� ned as

2lm D
8T

m

3
j D 1 8N

j;m

±lm if
3

j D 1

8N
j;m > ²

2lm D 0 if
3

j D 1

8N
j;m · ² (35)

Here index j goes through the local numbering of the nodes in
triangle T , and the m index refers to the mth component of state
vector U . ² represents the machine zero, which equals 10¡14 in
practical simulations. De� nition (35) shows that the blending is
applied in a scalar way, meaning that for each of the equations
we de� ne a blending coef� cient µm D 2m ;m . Equations (35) imply
that the diagonal elements µm of the blending matrix 2 satisfy the
relation 0 · µm · 1 because

8T
m D

3

j D 1

8N
j;m

For scalarequationstheexactpositivityof theblendedschemecan
be proven for an appropriatede� nition of the blendingcoef� cient µ .
Unfortunately, this does not generalize to the system case, although
in practice also for systems it gives monotone solutions accross dis-
continuities.The reason is that according to numerical experiments
(and theoretical estimations) at the steady state j8T

m j D O.j8N
j;m j/

near discontinuities because the cell residual is far from equilib-
rium, whereas j8T

m j ¼ h3 in smooth � ows (h is an average mesh
size). Henceµm ¼ 1 neardiscontinuities,andµm ¼ 0 in smooth� ows.

Consequently, the contribution of the monotone � rst-order N
scheme in the blended residual enforces monotonicity across steep
gradients, and in smooth � ows the blended scheme is very close to
the second-order LDA scheme. The de� nition of the blending co-
ef� cient (35) implies the linearity preservationproperty: 8B

i ! 0 if
8T ! 0.

A more sophisticated blended scheme based on entropy consid-
erations was recently developed by Abgrall.24

Conservative Linearization
For the monotone � uctuation splitting schemes described in the

precedingsubsections(FV, N, andB schemes), it is necessaryto have
a quasilinearform (10) of the conservationlaw with the source term
(6), whereby constant Jacobian matrices are assumed in each cell.
However, in order to capture the discontinuities with the correct
jump relations, the convective � uxes have to be discretized in a
conservative way. The solution to this problem is known as the
conservative linearization.

In the context of Euler � ows, such a linearizationis given by the
Roe-linearizationobtained by assuming linear variation of the Roe
parameter vector over the triangle.5 A generalization to the MHD
equations turns out to be much more complex. Let us integrate the
advection and the source terms in Eq. (6) and the corresponding
terms in the quasilinear form (10) over a control volume. Exact
integrationof the � uxes and the source term requires the satisfaction
of the following constraint:

@T

F ¢ n dl ¡
T

S dÄ D
T

@ Fx

@x
C

@ Fy

@y
¡ S dÄ

D .AZ i C BZ j/

T

r Z dÄ (36)

where Z is a set of independent variables, not necessarily the
conservative ones, AZ and BZ are the constant Jacobian matrices
taken at the averaged state NZ , and i and j are the unit vectors in
the x and y directions, respectively.Assuming linear variation of Z
over triangle T and taking into account the form of the source term,
Eq. (36) can be written in the following, more restrictive form:

T

@Fx

@Z
C Sx

@U

@Z
dÄ D AZ ST

T

@ Fy

@Z
C Sy

@U

@ Z
dÄ D BZ ST (37)

In the preceding equation @U=@ Z describes a similarity trans-
formation between @U and @ Z . It is quite dif� cult to determine NZ
from Eq. (37) because the MHD � ux (3) is a highly nonlinear func-
tion of the conservativestate vector and in general of any parameter
vector Z .

In the pure hydrodynamical case the choice of Roe’s parameter
vector Z D

p
.½/[1; u; v; w; .E C p/=½]T signi� cantly simpli� es

the problem because the source term vanishes and the � ux vector
can be written as a quadratic function of the Roe variables. This
choice results in Jacobian matrices AZ and BZ , which are linear
in Z . These can be integrated exactly by computing the arithmetic
average of the Roe variables at the vertices of a triangle and using
these averages in the analytic expressionof the Jacobians.The main
dif� culty in the solution of the MHD equations by the � uctuation
splittingmethod is that sucha parametervectordoes not exist,which
yieldsmerely second-order� uxes,as aresultof additionaltermspro-
portional to the magnetic � eld. Although a Roe parameter vector is
de� ned for the MHD equations,14 it results in a highly nonlinear� ux
function precluding the simple extension of the multidimensional
Roe linearization for MHD � ows.

Instead of aiming at a complete exact linearization for the MHD
equations, we use a more pragmatic approach, which yields exact
conservation of most terms in the � uxes and exact integration of
all but one component of the source term under the assumption
of linear variation of a certain parameter vector. The source term
in the energy equation is approximately integrated. The remaining
error in the conservation of the convective � uxes is easily evalu-
ated and distributed to the nodes of the triangle by a nonmonotone
scheme.Theoreticallythe schemescan loosetheirpositivitybecause
of this correction for conservation,but in practice they produce an
oscillation-freesolution across discontinuities.

Let us consider the following parameter vector W :

W D .½; u; v; w; Bx ; By ; Bz; H /T (38)
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where H is the total enthalpy de� ned by

H D ° =.° ¡ 1/p C 1
2
½v ¢ v C B ¢ B (39)

One easily veri� es that the MHD � ux vector F is at most cubic
in terms of W . More speci� cally, the mass � ux and the � ux of the
induction equation contain only quadratic terms. The momentum
� ux is built up from linear, quadratic, and some cubic terms, and
the energy � ux contains quadratic and cubic terms. Let us write F
in the following form:

F D F.2/ C F.3/ (40)

where F.3/ contains the third order and F.2/ contains the linear and
quadratic components of the MHD � ux function, in terms of W .
Assuming linear variationof W , we can easily compute the average
of the state vector NW over a triangle:

NW D 1
ST

T

W dÄ D 1

3

3

iD1

Wi (41)

Using state NW in the Jacobians corresponding to the � ux term
F.2/ results in an exact conservation of these � uxes. However, the
Jacobians corresponding to F.3/ are second order in W ; therefore,
we make an error in the conservation of these � uxes and in the
satisfaction of Eq. (36) if we base our scheme on the linearized
state NW .

To compensate for this error, we introduce a correction step into
our distribution scheme. This step can be done at the same time as
the usual distribution; therefore, it is not needed to construct a real
two-step method.

In practical computations � rst we base the whole distribution
scheme on the linearized state NW just described. This choice leads
to the following nonconservative total residual 8

.3/

NC (based on the
quasilinear form) corresponding to the cubic � uxes:

8
.3/

NC D ST
@ F .3/

x

@W
NW

C
@ F .3/

y

@W
NW

¢ rW (42)

The conservative residual 8
.3/

C of the cubic � uxes can be exactly
computed as

8
.3/

C D
@V

F.3/.W / ¢ n dS (43)

assuming linear variation of the parameter vector W . The conserva-
tion error of the convective � uxes in conservativevariables is

±8 D 8
.3/

C ¡ 8
.3/

NC (44)

The correction ±8 is distributed to the nodes either by using sim-
ple centralGalerkindistributionor by any of the linearitypreserving
schemes. In this paper we use the LDA distribution scheme for dis-
tributing the correction of the � uctuation. The distributed residual
8T

i in a triangle to node i can be written in the following compact
way:

8T
i D 8S

i C ¯LDA
i ±8 (45)

where 8S
i is computed by using the selected monotone distribution

scheme (FV, N, B schemes, the main part of the distribution) and
¯ L D A

i is the distribution matrix of the LDA scheme.
As just discussed, because of the particular choice of W several

terms in the correction ±8 vanish. Nonvanishing terms correspond
to part of the momentum and energy � uxes. This implies for the
MHD equations that W contains the components of the magnetic
� eld themselves.

It is clear that the quality of the solution of a given problem will
be mainly determined by the chosen distribution scheme, whereas
the linearity preserving nonmonotone LDA scheme used for the
distribution of the correction produces only a minor contribution.
However, theoretically the monotonicity property of the positive
distributionschemes cannot be guaranteedanymore by our method.

Practical computations have revealed that discontinuities are cap-
tured without spurious oscillations typical to second-ordernonpos-
itive schemes. Even distributing the conservation error ±8 by a
simple central Galerkin distribution did not show signi� cant differ-
ences.

Because the generalized upwind parameters K C
i and K ¡

i are de-
� ned through the partial derivativesof the � ux functionwith respect
to the conservative variables, the consistent gradient of the conser-
vative variables U is introduced by

rU D @U

@W
. NW /rW (46)

This de� nition leads to the following integral form of the quasi-
conservative equation (6):

T

@U

@t
dÄ C ST AU . NW /

@U

@x
C BU . NW /

@U

@y
D 0 (47)

which is equal to the integral form of Eq. (10) with constant Jaco-
bians per cell and with the assumption that W varies linearly.

The presentedapproximatelinearizationwith the correctiontech-
nique to ensure the conservationof the convective � uxes can be ap-
plied for any other hyperbolic systems, where the Roe linearization
fails to yield exact conservationas a result of the higher-order� uxes
or when the Roe average is not appropriate for other reasons.

Anothersolutionfor the linearizationof nonlinearhyperbolicsys-
tems admitting an entropy inequality is proposed in a recent work
of Abgrall and Barth.25 They present a nonconservative lineariza-
tion combinedwith an adaptivequadratureand demonstrate that the
scheme conveys to the weak solution if the precision of the quadra-
ture is increased for large cell residuals. This method can also be
used in the context of the MHD equations,and it will be considered
in a subsequent work of the authors of this paper.

Notes on the Nonconservative Nature of the Eight-Wave Model
For the set of ideal MHD equations, a second problem appears

concerning the conservation of the convective � uxes, namely the
presenceofPowell’s source term,which cannotbe written in a diver-
gence form. As noted before, inclusionof Powell’s source term into
the formulation of the governingequations is essential for the regu-
larity of the Jacobians needed in the � uctuation splitting approach.
However, its nonconservativenature can lead to inconsistent jumps
accross discontinuities. Indeed, in a recent paper of Toth16 the au-
thorpresentsa testproblem,whichclearlyshows that theeight-wave
equationsconvergeto wrong jumps accrossthe fast shockspresent it
that speci� c problem. Although this test case appropriatelydemon-
strates this weak point of the eight-wave equations, one should not
draw � nal conclusions concerning their applicability. The eight-
wave formulation has been succesfullyused since its appearance in
many astrophysicalcomputations, and several numerical tests were
done to check the convergence of the solution in the presence of
discontinuitieswith positive results.15;17;26

Numerical experiments indicate that the error caused by the
source term mainly dependson three conditions.These are the phys-
ical problems in hand; the geometry of the grid compared to the
orientation of the discontinuities in the problem and of course the
applied numerical scheme. In the absence of a convincing theoret-
ical study, an extensive parametric investigation could be done to
yield a guide, showing under which cirumstances the eight-wave
model can be used without the presence of signi� cant disturbing
errors caused by the source term. The simulation results in the ref-
erences just given indicate that the eight-wavemodel works well for
a large variety of steady shocks on the considered meshes.

As an example for the computation of proper jump relations on
a set of re� ned grids, we present numerical test in the next part of
this paper concerning the problem of a superfast magnetized � ow
over a perfectly conducting wedge containing a fast shock.

Time-Integration Methods
To integrate Eq. (10) in time, we use explicit and implicit time-

marching procedures.The explicit schemes are robust and straight-
forward to implement,but the time step is limitedbecauseof stability
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considerations.The limited time step slows down the convergence
towards the steady state.

Implicit schemes show better stability properties,allowing much
larger time steps and faster convergence, but they require the con-
struction and solution of large linear systems at every time step,
making the implementation more complicated.

Explicit Forward Euler Scheme
For the explicit time integrationwe use the simple forward Euler

method. Discretization of Eq. (24) in time leads to the following
form:

U n C 1
i D U n

i ¡ 1ti

Si T ; i 2 T

¯T
i 8T (48)

The time step 1ti is limited because of considerationof stability.
To speed up the convergence toward the steady state, local time
stepping is used, which means that 1ti is computed locally, for
every node. This destroys the � rst-order time accuracy, but it does
not in� uence the spatial accuracy of the solution at the steady state.

Implicit Backward Euler Scheme
To perform implicit solution of Eq. (10), we extend implicit in-

tegrationstrategies for solving compressible� ow equations.27 Here
we just give a short summary of the method; the reader is referred
to the preceding reference for more details.

The evaluation of the residual R.U / at time level n C 1 results
into the following implicit temporal discretization:

U n C 1 ¡ U n

1t
D R.U n C 1/ (49)

Equation(49)consistsof a set of nonlinearalgebraicequationsfor
the nodal state vectorsU n C 1 , which is solved in an iterative way by
Newton’s method.Becausewe are only interestedin the steady-state
solutionof Eq. (10), it is enough to solve Eq. (49) approximatelyby
performingonly the � rst step of the Newton iteration,thus obtaining
the linear backward Euler method:

I

1t
¡

@ R

@U
.U n/ .U n C 1 ¡ U n/ D R.U n/ (50)

Equation (50) is a linear system of equations for U n C 1, which
is again solved approximately.The Jacobian matrix @ R=@U .U n/ is
computed numerically by using a � rst-order numerical approxima-
tion. The linear system (50) is transformed into a better conditioned
system by using the incomplete upper– lower (ILU) preconditioner,
and the resulting system of equations is solved by a Krylov sub-
space method such as the generalizedminimum residual (GMRES)
method.

MHD Flow Solver
The � uctuation splitting spatial discretization technique com-

bined with the time-integration strategies are used in order to set
up an upwind multidimensional ideal MHD code on unstructured
grids composed of triangles. This code advances the solution to-
ward the steady state by a time marching procedure starting from a
uniform initial state.

To fullydeterminetheproblem,we prescribeboundaryconditions
at the boundaries of the computational domain. Technically these
boundary conditions are imposed in a weak manner, meaning that
the inner numerical scheme is used at the boundary on degenerated
triangles, called ghost cells.

The divergence-free condition of the magnetic � eld is enforced
weakly by using Powell’s source term. For explicit and for implicit
computationswe use the simple forward Euler and backward Euler
schemes, respectively.The convergenceof the solutionis monitored
by the L2 norm of the density residual jj8½ jj2

k8½k2 D
1
N

N

i D 1

8
½

i

2
(51)

where N is the number of nodes in the computational domain. The
stopping criterium for the state of convergence is

log10 k8½k2 < ¡15 (52)

Simulation Results
Accuracy of the Schemes: Expanding Flow over a Bend

To determine the numerical accuracy of the � uctuation splitting
schemes presented in this paper, � rst a grid-convergence study on
regular unstructured meshes is performed. The steady MHD � ow-
� eld for a supermagnetosonicexpansionover a convexwall is com-
puted for four different cell sizes for all of the presented residual
distributionschemes (FV, N, LDA, B). The average size of the cells
in decreasing order is h1 D 20¡1, h2 D 40¡1, h3 D 60¡1, h4 D 80¡1.

The � ow enters the domain from the left with a uniform speed
faster than the fastest magnetosonic (supermagnetosonic) speed.
After a short straight part the plasma starts to expand over the lower
wall of the tube, and it leaves at the right with a supermagnetosonic
speed. In this case the � ow speed remains supermagnetosonicin the
whole computational domain. The top and the bottom boundaries
are set upas idealperfectlyconductingwalls. In the initiallyimposed
uniform� ow� eld the density½ D 1, the velocityvectorv D .6; 0; 0/,
the magnetic vector B D .2; 0; 0/, and the thermal pressure p D 1.

In smooth, ideal,steady,magnetic� eld-aligned� ow with uniform
supermagnetosonic inlet boundary the stagnation enthalpy Hs , the
entropy s, and the quantity½=® are constant in the whole simulation
domain3:

Hs D ° =.° ¡ 1/.p=½/ C 1
2 .u2 C v2 C w2/ (53)

s D p=½° (54)

½=® D ½.jvj=jBj/ (55)

By computingthemean normof thesequantitieson gridswith dif-
ferentsizes,we canestimatetheaccuracyof thenumericalschemes.7

Table 1 shows the computed orders for the FV, N, LDA, and B
schemes.

All of the linear schemes converged up to machine accuracy
according to convergence indicator (52). However, the nonlinear
blended scheme convergedapproximately4–5 ordersof magnitude,
and the convergence indicator stagnated by producing some small
amplitude noise.

Theoretical predictionof the formal accuracy of the residual dis-
tribution schemes based on a Petrov–Galerkin � nite element in-
terpretation of the schemes reveals that the linearity preserving
schemes are expected to have an accuracy at least order of 1.5 on
arbritrary meshes.7 Full second-orderaccuracy can be achieved for
certain fully uniform triangulations. However, in practice we refer
to these schemes as second-order-accurateschemes by keeping in
mind that actually they can be slightly less accurate.Similarly, anal-
ysis of the linear positive schemes predicts an accuracy at least of
order 0:5 for arbitrarydistortedmeshes. These schemes are referred
to as � rst-order schemes.

The numerical results (Table 1) verify the theoreticalpredictions,
and they are in harmony with the conclusions of Paillère.7 The
FV scheme on the median dual cell and the N scheme produce
practically � rst-order results. Both of these schemes are linear and
positive. The nonmonotone linear LDA scheme and the monotone
nonlinear B scheme show second-order accuracy according to the
expectations.

Time-Stepping Strategies: Superfast Nozzle Flow
To demonstrate the performanceof the implemented implicit so-

lution strategies, we compute the steady � ow� eld in a magnetic
nozzle both with explicit and implicit methods, and we compare

Table 1 Measured convergence
rate of several distribution schemes

on the smooth expanding
� ow test case

Scheme Hs s ½=®

FV 0.65 0.81 0.48
N 0.87 0.88 0.36
LDA 1.79 1.91 1.83
B 1.76 1.77 1.65
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Fig. 2 Shadeddensity isolines superimposed by magnetic � eld lines for
the magnetic nozzle test case: implicit result.

Fig. 3 Convergence histories for the magnetic nozzle test case. Explicit
and implicit results are indicated.

the performances. The supermagnetosonic � ow enters the nozzle
from the left (Fig. 2) and leaves it at the right with a supermag-
netosonic speed. At the bottom and at the top of the nozzle, we
impose symmetric and ideal perfectly conducting wall boundary
conditions, respectively. In the initially imposed uniform � ow� eld
the density½ D 1, the velocityvectorv D .3; 0; 0/, the magneticvec-
tor B D .2; 0; 0/, and the thermal pressure of the plasma p D 0:6.
We use the � rst-order linear system N scheme for the distribution
scheme. In the explicit computationsthe Courant–Friedrichs–Lewy
(CFL) number is CFLexp D 0:9. In the implicit computations the
startingCFL number is CFLstart D 0:5, and the maximum CFL num-
ber is CFLmax D 1000. The numberof nodes in the unstructuredgrid
is 1035.

The resulting� ow� eld is shown in Fig. 2. The magnetic� eld lines
are superposed on the shaded density contour plot. Comparison of
the explicit and the implicit results on the same mesh shows that
the two methods converged to the same steady state up to machine
accuracy.

In Fig. 3 we compare the convergence history both for the ex-
plicit and for the implicit computations.The L2 norm of the density
residual is plotted as a function of the number of explicit resid-
ual evaluations.One implicit time step requires 24 explicit residual
evaluations, in order to compute the numerical Jacobian. The gain
factor in CPU time in this particular test case was 2.1 in favor of
the implicit scheme. It is known that the explicit schemes have the
best performance in case of high-Mach-number� ows, and the gain
factor in CPU time is much higher in favor of the implicit schemes
for low-Mach-number simulations.

Shock-Capturing Property: Flow over a Wedge
It was pointedout thatPowell’s source term is an essentialelement

of our formulation. In principle the presence of this nonconserva-
tive source term can disturb the shock-capturingproperties of any
scheme.However,experiencebymany authors15;17;26 has shown that
in severalcases the nonconservativeerror caused by the source term
is much smaller than other errors appearingbecause of the numeri-
cal discretization.In these cases even convergenceof the numerical

solution toward the exact solution can be shown for reasonably
� ne meshes. This is numerically veri� ed for the computation of an
oblique shock with known exact solution.

The supermagnetosonic-�eld-aligned MHD � ow enters the do-
main at the left, falls onto a wedge with straight boundaries, and
leaves at the right with a supermagnetosonic speed. The top and
the bottom walls are ideal, perfectly conducting walls. For known
in� ow values and wedge angle it is possible to determine the ana-
lytical solutionof this test problem. At the uniform inlet the plasma
density ½ D 1, the velocity vector v D .6; 0; 0/, the magnetic � eld
vector B D .2; 0; 0/, and the thermal pressure p D 1. The angle of
the wedge ® D 20 deg. It is easy to verify that the solution of this
con� guration is a straight fast shock penetrating from the singu-
lar point of the wedge. The downstream state can be determined
from the Rankine–Hugoniot jump relations, giving for the plasma
density ½ D 1:9736, the velocity vector v D .5:1687; 1:8813; 0/, the
magnetic vector B D .3:4003; 1:2376; 0/, and the thermal pressure
p D 4:2413.

The steady� ow� eld is computedfor all of the � uctuationsplitting
schemes on a sequence of subsequently re� ned grid, and the accu-
racy of the state variablesfor the whole domain is checked,basedon
the grid-convergencestudy brie� y discussed in the preceding sub-
section.We found that for everyscheme thediscontinuityis captured
by jump relations with an order of accuracy of 0.5–0.9, depending
on the numerical scheme and on the variable itself.

On the � gures we show the second coarsest grid of our sequence
(Fig. 4) and the corresponding solutions for the N (Fig. 5), LDA
(Fig. 6), and B (Fig. 7) scheme. The N scheme smoothly captures

Fig. 4 Unstructured grid for oblique shock over a wedge (1763 nodes).

Fig. 5 Density isolines for the oblique shock test case: N scheme.
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Fig. 6 Density isolines for the oblique shock test case: LDA scheme.

Fig. 7 Density isolines for the oblique shock test case: B scheme.

the discontinuity, but the shock width is diffused because of its
� rst-order accuracy. The LDA scheme produces oscillations in the
upstream domain because it is second-order accurate and linear.
The B scheme yields the best solution with its oscillation-freesharp
shock transition.

Multidimensional Upwinding: Superfast Nozzle Flow
A de� nite advantage of the � uctuation splitting approach com-

pared to standard � nite volume schemes is the compactness of the
stencil. The stencil only includes the surrounding nodes around a
certain node, even for the second-order schemes. This enables a
very ef� cient coding and lower storage for the implicit matrix. An-
other advantage compared to dimensionally split schemes is that
the presented � uctuation splitting schemes use true multidimen-
sional upwind information. This results in a much sharper shock-
capturing property and higher accuracy. The presentation of a full
comparison of the residual distribution and � nite volume schemes
would requirean extensivedetailedstudy,which is beyondthe scope
of this paper. Here we demonstrate the consequence of the true
multidimensional upwind property on a single example repeating
the supermagnetosonicnozzle � ow test case described earlier.

In this test case we choose the � uctuation splitting � rst-order N
and the second-order B scheme on unstructured grids. Concerning
the � nite volume computation, we use a different code operating
on structured cell centered quadrilaterals.The code consists of a di-
mensionallysplit Roe-type approximateRiemann solver.14 Second-
order spatial accuracy is achieved via MUSCL reconstruction of
the primitive variables at the interfaces, employing the minmod,
van Leer, or Van Albada limiter. Temporal integration is done by a

multistage Runge–Kutta method. Because of their construction, the
residual distribution schemes for the MHD equations described in
this paper require approximately� ve times the CPU time needed by
the � nite volume scheme just discussed to perform a given number
of explicit time steps.

The number of nodes in the unstructuredmesh used for the � uc-
tuation splitting scheme is 2662, and the number of volumes for the
structured mesh used for the � nite volume computation is 2700.

Figures 8 and 9 show the unstructured and structured grids, re-
spectively.The solution of the N, B, and the Roe-type � nite volume
scheme is given on Figs. 10–12, respectively.Comparison between
the minmod and van Albada limiter showedno signi� cant difference

Fig. 8 Magnetic nozzle � ow. Unstructured triangulation for the � uc-
tuation splitting code (2662 nodes).

Fig.9 Magneticnozzle � ow.Structured quadrilateralsfor theRoe-type
scheme in the � nite volume code (2700 cells).

Fig. 10 Density isolines superimposed by magnetic � eld lines for the
magnetic nozzle test case: N scheme.

Fig. 11 Density isolines superimposed by magnetic � eld lines for the
magnetic nozzle test case: B scheme.

Fig. 12 Density isolines superimposed by magnetic � eld lines for the
magnetic nozzle test case: Roe-type � nite volume scheme.
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Fig. 13 Convergence history for the magnetic nozzle test case com-
puted by the � uctuation splitting N and B scheme and by a standard
Roe-type dimensionally split � nite volume scheme.

Fig. 14 Part of the unstructured grid used for the magnetic bow shock
computation.

for this test case. The results demonstrate that the computationdone
on a structured mesh with a standard � nite volume code produces
the most diffusive shock structure, even more diffusive than the
� rst-order � uctuation splitting N scheme. The � uctuation splitting
B scheme capturesthe � rst re� ected shock within two triangles.The
last re� ected shock is hardlyvisibleon the result of the � nite volume
code, and it is still pronounced on both � uctuation splitting results.

In Fig. 13 we present the convergencehistory of these computa-
tions. The � rst-order N scheme converged up to machine accuracy,
the B scheme converged � ve orders of magnitude, and the Roe-type
� nite volume scheme converged four orders of magnitude.

Bow Shock over a Cylinder
We perform the numerical simulation of an ideal magnetic � eld

aligned � ow over a perfectly conducting cylinder. This test case
has a very easy setup and serves as a basis of many space physics
applications, like bow shock over planets and comets in the solar
wind or bow shocks driven by coronal mass ejections. Initially we
impose a uniform � ow� eld on the computational domain, and we
use a time-marching procedure toward the steady state. The � ow
enters the domain at the left with a supermagnetosonicspeed, turns
aroundthecylinder,and leavesat the rightwith a supermagnetosonic
speed. The center of the cylinder is situated at x D 0; y D 0, and its
radius is r D 0:125.

Fig. 15 Magnetic bow shock. Total pressure isolines superimposed by
the magnetic � eld lines (3203 nodes).

Because of symmetry reasons, we compute the � ow� eld over
the left upper quadrant of the cylinder, and the solution is sym-
metric with respect to the x axes. Part of the unstructured grid is
shown on Fig. 14. The symmetry line and the cylinder satisfy per-
fectly conducting ideal wall boundary conditions, and we prescribe
supermagnetosonicoutlet at the right. In the initially imposed uni-
form � ow� eld the density ½ D 1, the velocity vector v D .3; 0; 0/,
the magnetic vector B D .1; 0; 0/, and the thermal pressure of the
plasma p D 0:2.

Figure 15 shows a globalviewof the resulting� ow� eld computed
by the nonlinearsecond-orderB scheme. The total pressure isolines
are superimposed by the magnetic � eld lines. This test case con-
verged two orders of magnitudeonly, and the convergenceindicator
stagnated.This seems to be the result of the conservativecorrection,
which is sensitive to the present strong normal shock. By switching
off the conservativecorrection,we can achieve much better conver-
gence of the B scheme for this particular test case without changing
visibly the solution.

Conclusions
Monotone multidimensional upwind residual distribution sche-

mes have been extended to the solutionof the ideal MHD equations.
The new schemes have advantagescompared to standard � nite vol-
ume schemesin termsof thecompactnessof the stencilandaccuracy.
An approximateconservativelinearizationtechniquewas developed
for general hyperbolic systems together with a conservative cor-
rection. Both explicit and implicit time-integration strategies were
brie� y discussed.The propertiesof the schemes were demonstrated
numerically.Test results revealed that the shock-capturingproperty
of the schemes are not disturbed by the inclusion of Powell’s source
in the particulartest computation.Simulationof supermagnetosonic
� ow in a magnetic nozzle with several shock re� ections gave a
numericalexample that our multidimensionalschemesyieldsharper
shocks than basic dimensionallysplit � nite volume techniques. We



CSíK, DECONINCK, AND POEDTS 1541

alsopresentedsimulationresultsof a Mach 3 magnetic-�eld-aligned
MHD � ow over a perfectly conducting cylinder. Our main goals in
the future are to improve our implicit techniques, to parallelize the
code, to extend the schemes to three spatial dimensions, and to in-
clude nonideal MHD effects.
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